We present a graphical analysis of the adiabatic connections underlying double-hybrid densityfunctional methods that employ second-order perturbation theory. Approximate adiabatic connection formulae relevant to the construction of these functionals are derived and compared directly with those calculated using accurate ab initio methods. The discontinuous nature of the approximate adiabatic integrands is emphasized, the discontinuities occurring at interaction strengths which mark the transitions between regions that are: (i) described predominantly by second-order perturbation theory (ii) described by a mixture of density-functional and second-order perturbation theory contributions and (iii) described purely by density-functional theory. Numerical examples are presented for a selection of small molecular systems and van der Waals dimers. The impacts of commonly used approximations in each of the three sections of the adiabatic connection are discussed along with possible routes for the development of improved double-hybrid methodologies.
I. INTRODUCTION
Hybrid density-functional methodologies are now amongst the most commonly applied methods in quantum chemistry. The idea to hybridize density-functional theory with wavefunction based approaches can be traced back to the work of Becke [1, 2] . Motivated by the adiabatic connection (AC) formalism [3] [4] [5] [6] [7] Becke suggested that the introduction of a fraction of orbital dependent exchange could be beneficial and deliver improved performance over standard generalized gradient approximation (GGA) functionals. Becke initially constructed a half-and-half functional containing 50% orbital dependent exchange and 50% of a density-functional approximation to exchange based on a simple linear model of the AC.
Although the performance of this initial model was disappointing subsequent empirical optimization of the weight of orbital dependent exchange based on thermochemical performance showed that a weight in the range 20%-30% delivered improved performance over standard methods. Later, a number of theoretical rationales for weights of orbital dependent exchange in this range have been put forward [8, 9] , however, as recently noted by Cortona [10] and utilized by Guido et. al [11] , similar arguments can be made for a number of different values.
The widespread adoption of exchange-based hybrid functionals for molecular applications can be understood from their improved performance in applications such as thermochemistry and the determination of equilibrium molecular structures. Perhaps more crucially, the extra computational effort associated with the evaluation of the orbital dependent exchange is sufficiently modest so as not to hinder the application of hybrid approaches to a wide variety of chemical problems. Nonetheless, the introduction of orbital dependent exchange is not a panacea for all issues associated with standard GGA functionals. For many properties, or for molecules at geometries away from their equilibrium structure, the inclusion of orbital dependent exchange may be detrimental. For the simple example of the H 2 molecule see Ref. [12] . Furthermore, it is well known that error cancellations play a crucial role when combining GGA exchange and correlation components [13] and the combination of 100% orbital dependent exchange with typical GGA correlation functionals is therefore ineffective. The construction of optimal hybrid exchange-based methods requires a tradeoff between improving the description of the exchange component whilst maintaining a reasonable description of correlation effects.
A natural extension of hybrid approaches is to consider the hybridization of the correlation energy in addition to exchange energy component, resulting in so-called double hybrids. In recent years a number of empirical approaches which consider the post SCF addition of second-order perturbation theory (PT2) terms have been developed [14] [15] [16] [17] [18] [19] [20] [21] [22] , perhaps the most well known of which is the B2-PLYP functional of Grimme [14] . More rigorous routes to combine DFT and PT2 approaches have followed the suggestion by Savin [23] to employ long-range only wave function approaches in tandem with specially designed short-range density functionals. From a density-functional point of view this approach can be justified by use of a generalized AC as shown by Yang [24] . In this manner implementations have been constructed which combine most of the models of quantum chemistry with densityfunctional theory including, configuration-interaction theory [25, 26] , Møller-Plesset (MP) perturbation theory [27] , coupled-cluster theory [28] , multi-configurational self-consistent field theory [29, 30] and N-electron valence state perturbation theory [31] .
The advantage of range-separated approaches is that the division of labour between the wave function and density-functional methods can to some extent be controlled by the manner in which the two-electron integrals are modified, typically by using an error-function attenuation [32, 33] . This has been shown, for example, to be effective in the treatment of dispersion interactions [27, 34] . The disadvantage of such an approach is the need to develop specialized complementary density functionals, although this task has been undertaken at the local density approximation (LDA) [23, 35] , GGA [28, 36, 37] and meta-GGA [38] levels.
Recently, Sharkas et al. [39] have used a similar approach to consider the standard linear AC to hybridize DFT with PT2 for functionals in which the fraction a c of MP2 correlation energy equals the square of the fraction a x of Hartree-Fock (HF) exchange. Fromager [40] has recently extended this approach to incorporate more flexible two-parameter doublehybrid energy expressions that satisfy the inequality a c ≤ a x . This approach allows the construction and analysis of energy expressions, similar to those used in empirical double-hybrid approaches, on a more sound theoretical footing. In addition, insights into the relative values of the exchange and correlation weights may be obtained and give a rationale for the values typically obtained by empirical optimization [40] . One key advantage of considering a linear AC, in place of a generalized path, is that the complementary density-functionals required may be readily derived by the application of uniform coordinate scaling relations to existing standard functionals [41] [42] [43] [44] [45] , see Refs. [39, 46] for examples of methodologies utilizing this idea.
Whilst the (generalized) AC provides a legitimization for combining density-functional and wave function methodologies the efficacy of such approaches can only be measured by careful benchmarking. Given the plethora of possible combinations of density-functional and wave function components, and the associated opportunities for error cancellations, assessment of double-hybrid forms is certainly non-trivial. Since each double-hybrid functional expression may be thought of as a model for the AC in this work we take an alternative approach and investigate the quality of the underlying AC integrands. Recently, it has become possible to calculate the ACs for atomic and molecular systems using accurate ab initio methodologies [47] [48] [49] [50] [51] [52] . Here we will employ the method outlined in Refs. [49] [50] [51] [52] , which utilizes Lieb's definition of the universal density-functional [53] , to generate benchmark AC integrands for comparison with those generated by two-parameter double-hybrid
approaches.
In this work we analyze the linear AC integrands relevant to double-hybrid methodologies.
We commence in Section II by introducing the theory of the linear AC. In particular, we consider the novel division of the linear AC into segments and their description using densityfunctional perturbation theory, which is directly relevant to double-hybrid approaches. In Section III we introduce the approximations necessary to practically compute these AC integrands. Firstly we give a brief overview of the method to determine these quantities using ab initio techniques, which serve as a benchmark in this work. This is followed by a description of the route used to calculate the AC integrands relevant to the λ 1 -B2-PLYP type functionals introduced in Ref. [40] . The relationship between these two-parameter double-hybrid ACs and the standard B2-PLYP method is then discussed in this context. In Section IV we present the calculated ACs for a number of small molecules and van der Waals dimers using these approaches. The results highlight the challenges faced in constructing double-hybrid functionals and the insights provided by our approach are outlined. In Section V we make some concluding remarks and discuss prospects for future work in light of our findings.
II. THEORY
In this section we introduce the linear AC and discuss how it may be partitioned into a number of segments. This partitioning of the adiabatic integrand enables the consideration of approaches in which density-functional and wave-function based approaches for describing the integrand can be mixed. The segmented integrand is then expanded through second order in density-functional perturbation theory, providing a rigorous framework for oneand two-parameter double-hybrids.
A. The linear adiabatic connection
Let us consider a physical density n, which is associated with the ground state wave function, Ψ, for the Schrödinger equation
whereV = dr v(r)n(r) is the corresponding local potential operator,T is the kinetic energy operator andŴ ee is the two-electron repulsion operator. It is well known that formally exact expressions for the exchange and correlation energies associated with this density can be obtained when considering a fixed-density linear AC [3] [4] [5] [6] [7] between the noninteracting Kohn-Sham (KS) system and the fully-interacting physical system described by Eq. (1).
Introducing a parameter λ to modulate the strength of the electronic interactions we may write the auxiliary partially interacting Schrödinger equation
where the local potential operatorV λ = dr v λ (r)n(r) is constructed such that the density constraint
is fulfilled. In the λ = 1 limit, v λ (r) and Ψ λ should therefore reduce to the physical v(r) and Ψ, respectively. On the other hand, for λ = 0, the KS potential and determinant Φ KS are recovered. Using the Hellmann-Feynman theorem
the ground-state energy of the physical system, described by Eq. (1), may be expressed as
The indicator function is defined as follows
As long as the AC is exact, meaning that the density constraint is fulfilled, the expressions for the correlation integrand in Eqs. (6), (10) and (12) . The additional wave function terms simply ensure a continuous transition from the first to the second segment, which can be referred to as hybrid wave function/density-functional segment. The final segment [λ 2 , 1] is described within density-functional theory. As shown in Appendix A, this partitioning of the integrand leads, by integration over [0, 1] , to the exact energy expression initially proposed by Fromager [40] :
where the complementary density-functional contribution equals
with
and the wave function Ψ λ 1 is obtained self-consistently as follows
C. Density-functional perturbation theory
A perturbation expansion of the exact ground-state energy expressed in Eq. (14) can be obtained when solving Eq. (17) within MP perturbation theory [39, 40] . By analogy to the HF approximation, the zeroth-order wave function Φ λ 1 is obtained when restricting the minimization in Eq. (17) to single determinant wave functions Φ:
Let us introduce a perturbation strength α and the auxiliary energy
whereÛ HF [Φ λ 1 ] is the HF potential operator calculated with Φ λ 1 , and the perturbation operator
is the scaled fluctuation potential [39] . It is clear, from Eqs. (18) and (20) , that in the α = 0 limit, Ψ α,λ 1 reduces to Φ λ 1 , while, according to Eqs. (14) , (17) and (19) , the auxiliary energy becomes, for α = 1, the exact ground-state energy since Ψ α,λ 1 reduces to Ψ λ 1 . We note that the perturbation theory presented in this work differs from the one of Sharkas et al. [39] by the auxiliary energy which, in their approach, reduces to E α,λ 1 . Its perturbation expansion through second order,
where
will be used in the following. The perturbation expansion of the wave function, which is deduced from Eq. (20), is however the same. The derivation presented here complements the work of Fromager [40] , where perturbation theory was formulated in terms of an optimized effective potential (OEP) instead of a density-functional one. Finally, note the normalization factor in front of the two-electron interaction expectation value in Eq. (19) , which must be introduced since the intermediate normalization condition
will be used. It has been shown [54] [55] [56] that, in this case, the wave function can be expanded through second order as follows
where Ψ
is the analog of the usual MP1 wave function correction. According to the Brillouin theorem, the density remains unchanged through first order, leading to the following Taylor expansion, through second order, for the density:
so that self-consistency effects in Eq. (20) do not contribute to the wave function through first order [54] . Non-zero contributions actually appear through second order in the wave function [56] . From the wave function perturbation expansion in Eq. (25) and the intermediate normalization condition, we obtain the orthogonality condition Φ λ 1 |Ψ 
where, according to Eq. (21), the first-order contribution can be rewritten as Hxc − E
As a result, we finally obtain from Eqs. (19) , (22), (27) and (29) the following Taylor expansion for the auxiliary energy
The exact perturbation expansion of the energy through second order is then obtained in the α = 1 limit, which gives, according to Eq. (23),
This energy expression is associated with the segmented correlation integrand in Eq. (12) whose perturbation expansion through second order is obtained when decomposing the auxiliary energy as follows
where the exchange integrand is expressed as in Eq. (11) and, in the α = 1 limit, W
. The particular case λ 1 = λ 2 = 0 corresponds to the exact KS theory:
As shown in Appendix B, the additional terms in the right-hand side of Eq. (33) (first line) introduce many-body perturbation theory corrections to the correlation integrand, in the first and second segments, which leads to the following perturbation expansion when considering the α = 1 limit:
Note that, in the first segment, the MP2 contribution has been linearized for convenience.
Nevertheless, after integration, the exact MP2 correlation energy is recovered (see Eq. (B4)).
From the exact integrand expression in Eq. (12) it is clear that, in both first and second segments, the wave function has been expanded in MP perturbation theory through second order. The third segment, which is the pure DFT part, is not modified by the perturbation theory treatment.
Interestingly, the second-order correction to the density only appears in the second segment. This is due to the fact that, in the particular case λ 1 = λ 2 (that is when the second segment disappears), the 2n + 1 rule is fulfilled [55, 57] . As a result, second-order corrections to the density (and therefore to the wave function) are absent from the second-order correction to the energy. In the general case, where λ 1 = λ 2 , the second-order corrections to the density introduce a discontinuity at λ 1 in the correlation integrand. This would in principle disappear when expanding the integrand in the two first segments to infinite order, provided that the perturbation theory converges smoothly of course, which might not be the case in practice [56] . Finally we stress that, in the first two segments, all quantities calculated with Φ ν (ν > 0) correspond to correlation effects as defined in KS-DFT. In other words orbital relaxations which make Φ ν differ from Φ KS contribute to the correlation energy, exactly like in second-order Görling-Levy perturbation theory (GL2) [58] .
III. COMPUTING THE AC
In this section we introduce the methods used to calculate the AC integrands. The most accurate approach calculates the exchange and correlation integrands introduced in Sec. II A by means of ab initio methods. The integrands calculated in this manner will be used to serve as a benchmark for more approximate approaches. To analyze practical doublehybrid methods based on the λ 1 -B2-PLYP methods, introduced in Ref. [40] , an approximate formulation of the second-order density-functional perturbation theory presented in Sec. II C is considered. For comparison a similar approach is also applied to determine an AC for the conventional B2-PLYP functional.
A. ab initio estimates of the AC integrand
To calculate accurate ab initio estimates of the AC we employ the methodology in
Refs. [49] [50] [51] [52] . Following Lieb [53] , we write the auxiliary energy as
which gives the ground-state energy for the auxiliary Hamiltonian
The universal density functional F λ [n] can be expressed as a Legendre-Fenchel transform (convex conjugate) to the ground-state auxiliary energy 
The concave envelope provides an upper bound,
, with equality when
is concave in v. In the limit of a full configuration-interaction treatment of correlation and a complete one-electron basis set the exact universal-density functional is recovered.
For practical calculations we employ the algorithm proposed in Ref. [49] and implemented in Refs. [50] [51] [52] for arbitrary interaction strengths. The key aspect of this approach is to introduce an expansion of the potential
which allows for the use of analytic derivatives in quasi-Newton approaches to perform the optimization of Eq. (38) and determine the potential expansion coefficients {b t }. This opens up the possibility to perform calculations on molecular systems to complement earlier approaches applicable to atomic species [47, 48] . Here we use the second order optimization scheme detailed in Refs. 
where the minimization is over all density matrices with density n and γ λ,n is the minimizing density matrix. The interacting functional F λ [n] can be related to the non-interacting functional via
Identifying
by differentiating Eq. (40) and employing the Hellmann-Feynman theorem we obtain the usual AC expression
where the AC integrand can be decomposed into
where E H [n] is the classical Coulomb energy. The exchange energy component is given by
and the correlation energy of Eq. (8) can be calculated using the correlation integrand
Each of the energy components and their corresponding AC integrands can be calculated at each interaction strength following the optimization of Eq. (38) , thereby mapping out the AC.
B. λ 1 -B2-PLYP double hybrid integrand
We consider in this section an approximate formulation of the density-functional perturbation theory derived in Sec. II C where (i) the energy expansion is truncated at second order (ii) Becke exchange and LYP correlation density-functionals are used (iii) density scaling in the LYP correlation functional is neglected (iv) second-order corrections to the density are neglected. The λ 1 -B2-PLYP energy [40] is thus recovered from Eq. (32),
where, according to Eq. (18), the orbitals are computed as follows:
The λ 1 -B2-PLYP energy expression is formally identical to the conventional B2-PLYP one.
The fractions of HF exchange a x and MP2 correlation energy a c can be identified as
as long as the condition a c ≤ a 2 x is fulfilled, which is usually the case in conventional oneand two-parameter double hybrids [40] . In the spirit of Eq. (33), the λ 1 -B2-PLYP energy can be rewritten in terms of an exchange-correlation integrand,
where the KS-BLYP density nΦ0 used as reference is recovered in the particular case λ 1 = λ 2 = 0. The corresponding KS-BLYP energy can be expressed as
where the uniform coordinate scaling in the LYP correlation integrand
has been neglected. By analogy with Eq. (11), we define the λ 1 -B2-PLYP exchange integrand in terms of the HF and Becke exchange energies, both computed with the KS-BLYP determinantΦ 0 , as follows
The associated correlation integrand
can then be deduced from Eqs. (49) and (50), like in Sec. II C. Since
we finally obtain the following expression for the λ 1 -B2-PLYP correlation integrand
where λ (55) we note that the λ 1 -B2-PLYP correlation integrand is continuous in λ 1 , even though approximate wave function and density-functionals are used. Qualitatively the behaviour of the AC can be understood by neglecting the variation of all terms depending implicitly on ν:
In the first segment [0, λ 1 [, the slope of the λ 1 -B2-PLYP AC curve is dominated by the MP2 correlation energy of the auxiliary λ 1 -interacting system. On the other hand, in the other two segments, the conventional LYP correlation energy dominates the slope. Curvature could be introduced into the approximate ACs by considering higher-order MP terms and introducing density scaling effects. In this work we do not consider higher order perturbation theory energies, however, the effects of density scaling will be investigated further in Sec. IV.
For that purpose we define from Eq. (35) a λ 1 density-scaled B2-PLYP (λ 1 -DS-B2-PLYP) correlation integrand:
where the density-scaled LYP correlation integrand is defined in Eq. (51) . Note that the second-order corrections to the density have been neglected. As a result, the approximate λ 1 -DS-B2-PLYP correlation integrand remains continuous in λ 1 . Moreover, for simplicity, the orbitals used in λ 1 -DS-B2-PLYP and λ 1 -B2-PLYP schemes are the same, which means that density scaling has not been taken into account in the self-consistent calculation of the orbitals.
The integrands of Eqs. (55) and (57) provide an approximate description of the AC for which the reference density is the KS-BLYP one. According to Eq. (47) and Ref. [40] , the local potential v ν , which ensures that the density constraint on the ν-interacting wave function is fulfilled, is approximated here by
Due to the Brillouin theorem the zeroth-order density nΦν remains unchanged through first order and, as illustrated by the λ 1 -B2-PLYP AC curves in Sec. IV, it does not vary significantly on the segment [0, λ 1 [.
C. Conventional B2-PLYP double hybrid AC integrand
In conventional B2-PLYP calculations, the energy is calculated as follows
This expression is formally identical to the λ 1 -B2-PLYP energy, provided that the condition
x is fulfilled, and so the mapping in Eq. (48) between (a x , a c ) and (λ 1 , λ 2 ) exists. The difference between the numerical values of the B2-PLYP and λ 1 -B2-PLYP energies lies in the computation of the orbitals used, where the two parameters a x and a c , instead of one, like in the λ 1 -B2-PLYP scheme (see Eq. (47)), are involved:
As a consequence, there is an ambiguity in the way the correlation integrand should be defined for B2-PLYP. Indeed, the B2-PLYP energy expression cannot be derived rigorously, from the density-functional perturbation theory in Sec. II C, as long as the orbitals are calculated according to Eq. (60) . In this case, the Brillouin theorem cannot be applied [40] , which is an important difference with the λ 1 -B2-PLYP scheme, so that single excitation contributions to the double hybrid energy should in principle be considered. Nevertheless, it is interesting for analysis purposes to construct analytically a B2-PLYP integrand that can be compared to the λ 1 -B2-PLYP one. The simple segmentation
could be used, but then the connection to λ 1 -B2-PLYP would be lost, simply because different intervals are used. In fact, segmenting the B2-PLYP energy in the same manner as the λ 1 -B2-PLYP one is not trivial. The main reason is that, in the λ 1 -B2-PLYP scheme, λ 1 and λ 2 are independent parameters but a c and a x are not, since the former depends on both λ 1 and λ 2 . On the other hand, in B2-PLYP, a c and a x are independent parameters. Considering that, in the particular case a c = a 2 x or equivalently λ 1 = λ 2 , B2-PLYP and λ 1 -B2-PLYP are identical (E ν,ν 2 =Ẽ ν,ν ), we propose the following segmentation, by analogy with Eq. (49),
Note that the derivative dE ν,ν 2 /dν is integrated up to a x , which ensures that the orbitals are calculated with the fraction a x of HF exchange. This is an important difference with λ 1 -B2-PLYP for which this fraction equals λ 1 = a x − a 2 x − a c instead. As a result, the corresponding fraction of MP2 correlation energy must be reduced from a 2 x to a c , which is exactly what the third term in Eq. (62) is devoted to. Finally, since the particular case a x = a c = 0 corresponds to a standard BLYP calculation, the conventional B2-PLYP energy can be rewritten, according Eqs. (50) and (62) , and Appendix C, in terms of an exchangecorrelation integrand
where the exchange part is defined, like in the λ 1 -B2-PLYP scheme, from the HF and Becke exchange energies calculated for the KS-BLYP determinant
and the associated correlation integrand equals
Comparing Eqs. (55) and (65) it is clear that, in the first segment, the B2-PLYP and λ 1 -B2-PLYP correlation integrands are formally identical. The only difference lies in the MP2 correlation energies, which are not calculated with the same set of orbitals, as discussed previously. A qualitative behaviour of the correlation integrand along the adiabatic connection is obtained when neglecting the variation of all terms that depend implicitly on ν:
A striking difference with the λ 1 -B2-PLYP correlation integrand (see Eq. (56)) is the positive slope in the second segment. This unphysical behaviour is directly related to our definition of the B2-PLYP integrand. It is a simple illustration of the fact that, when a c < a 2 x , B2-PLYP does not rely on the density-functional perturbation theory we derived, by contrast to λ 1 -B2-PLYP. Still, after integration over the second segment, the B2-PLYP integrand provides an energy contribution which differs from the λ 1 -B2-PLYP one as
if we neglect the variation of all terms that depend implicitly on ν. As a result, B2-PLYP and λ 1 -B2-PLYP correlation energies will essentially differ by the MP2 term.
Finally, we remark that since the B2-PLYP energy was not derived by consideration of the AC directly it is possible to construct a number of AC integrands for this approach.
One alternative segmentation has already been presented in Eq. (61). However, another possibility is to regard the B2-PLYP parameters as entirely empirical parameters, which simply scale the ACs derived for each component by a constant at all values of the interaction strength. A smooth AC integrand for B2-PLYP can then be obtained by summing these scaled components. However, whilst this integrand can be compared with the ab initio curves, the connection to the density-functional perturbation theory and the λ 1 -B2-PLYP methods presented here is lost.
D. Summary
A three-part segmentation of the exact exchange-correlation integrand has been proposed, which is directly connected to the double hybrid functionals of Ref. [40] . Each segment of the AC has been expanded through second order within density-functional perturbation theory. When neglecting both second-order corrections to the density and density scaling, and using the Becke exchange functional in conjunction with the LYP correlation functional, the λ 1 -B2-PLYP integrand is obtained. An integrand expression has also been derived for the conventional B2-PLYP scheme. Both schemes are completely equivalent when a [39] . Still, since λ 2 differs from λ 1 by a 2 x − a c ≈ 0.1 (see Eq. (48)), the second segment represents 10% of the total AC which is not negligible. For comparison the methods used to determine accurate ab initio and pure densityfunctional estimates of the integrands have been outlined. All the schemes investigated in this work are summarized in Table I .
IV. RESULTS AND DISCUSSION
In the present work we study the AC integrands for the species, H 2 , (He) [67] , which contains implementations of the methodologies outlined in Section III and summarized in Table I .
A. ab initio ACs
We have performed calculations using the methodology described in Section III A 
to the calculated ab initio estimates of W Table II for each species in this study. Also reported is the quantity ∆E c = 1 0
) which provides a consistency check for the quality of the fitted function as compared with the explicitly calculated correlation energy using non-interacting and interacting energies. As can be seen in Table II these values are reasonable and of sufficient accuracy to allow these fitted functions to serve as a benchmark against which to compare double-hybrid integrands.
B. The H 2 molecule
The H 2 molecule has been widely studied as a prototypical system, see e.g. Refs. [74, 75] , exhibiting a smooth transition from predominantly dynamical correlation effects at short and equilibrium R values to predominantly static correlation effects a large R values. It has been argued by Gritsenko et al. [12] that for single hybrid exchange-based functionals the optimal fraction of orbital dependent exchange varies with R, approaching zero as R increases. More recently in Ref. [51] an analysis of the BLYP AC integrand, in comparison with the FCI AC integrand, showed that close to equilibrium R the BLYP functional provides a reasonable Comparing with the accurate FCI value in the same basis set it is clear that the density- functional gives a much too negative exchange energy, as was also noted in Ref. [51] . Here we see that the weighted average used in the double-hybrid approaches significantly reduces this error.
In Fig. 1 we present the correlation integrands for the double-hybrid approximations, as well as the BLYP and ab initio estimates. In the left-hand panel the correlation AC integrands for the methods considered are shown at R = 1.4 a.u. As was shown in Ref. [51] at this geometry the BLYP AC integrand is reasonable, though it tends to be too positive for larger ν values. The challenge for double-hybrid approaches is to provide a model AC integrand which improves over the pure DFT integrand (in this case BLYP) whilst utilizing the DFT integrand where it is accurate. For the R = 1.4 a.u. geometry the total correlation energies in Table IV are all quite similar and close to the FCI estimate. This is also clear graphically from Fig. 1 .
A number of differences between the methods become apparent when examining the correlation integrand models graphically. For B2-PLYP we see that the integrand in each segment is linear in the interaction strength. For the first segment this is because the fitted to this data (red dashed line) and the coefficients for this form are reported in Table II. integrand is dominated by a PT2 contribution based on a fixed set of orbitals. does not improve, in this particular case, the correlation energy when compared to FCI (see also Table IV ).
In the right hand panel of Fig. 1 the same integrands are presented for H 2 at R = 3.0 a.u. Here the behaviour of the integrands within each segment remains qualitatively similar, however, all of the models now give a significantly too positive correlation energy as can be seen from Table IV . The discontinuous behaviour at λ 2 also becomes much more pronounced.
This can be understood by noting that (as shown previously in Ref. [51] ) the BLYP integrand is especially poor as the bond is stretched and static correlation becomes more important.
It is clear therefore that any double-hybrid wishing to perform well for systems in which static correlation plays a significant role must be constructed in a different manner, no partitioning of the AC involving a pure density functional component would seem to be advantageous. Furthermore, the neglect of density scaling amounts to a linear approximation of the integrand and so may affect the accuracy of the model even in regimes where dynamical correlation is dominant. Note also, in the first segment, the difference between the λ 1 -B2-PLYP and B2-PLYP slopes which originates from the fact that the corresponding MP2 correlation energies are calculated with different orbitals. These are mainly characterized by the fraction of HF exchange which is larger for B2-PLYP (0.53) than for λ 1 -B2-PLYP (0.426).
The difference becomes substantial upon bond stretching. As expected from Sec. III C the correlation energy in the second segment is then larger (in absolute value) for λ 1 -B2-PLYP than for B2-PLYP. This is graphically illustrated in the right panel of Fig. 1 where the corresponding AC lines do not cross in the middle of the segment, like in the equilibrium geometry (left panel).
Since the double hybrids considered are based on PT2 theories one of course should not expect their range of applicability to extend to strongly correlated systems. Nonetheless these considerations may be helpful if one wishes to design a double-hybrid functional capable of describing molecules over a reasonable part of their potential energy surfaces around the equilibrium structure. Furthermore, it highlights the point that for overall improvement of double-hybrid approaches one should carefully consider not only the nature of the density functional approximations employed but also the wave-function contributions.
As is discussed in Appendix B we have chosen in the present work to evaluate the PT2 contributions for the approximate functionals on a fixed set of orbitals. As a consequence the corresponding contributions to the AC are linear in the interaction strength. If the orbital relaxation is taken into account at each interaction strength then the same integrated value of the energy would be obtained but the PT2 integrand would become curved due to a dependence of the orbitals on the interaction strength (see Ref [51] for further discussion).
To obtain higher accuracy from the wave-function contribution to the double-hybrid functionals it would be desirable to introduce terms of higher order in the interaction strength without introducing significant extra computational cost. In this respect it is interesting to consider alternatives to PT2. Natural choices here would be higher order perturbation approaches or coupled-cluster type methodologies. However, the computational cost of these approaches is sufficiently high as to make them undesirable for application in this context.
One interesting set of alternatives, which can be evaluated at a cost similar to that of PT2 theory and, as discussed by Furche [76] , In Fig. 2 we present the correlation integrands for two van der Waals dimers at their equilibrium geometries. The (He) 2 dimer has been widely studied as a prototypical system for examining van der Waals and dispersion interactions in DFT, see e.g. Refs. [52, 83] and references therein. estimate, whilst the density-functional estimate is more negative. The weighted average is therefore much closer to the accurate value.
The upper two panels in Fig. 2 show the total correlation ACs for (He) 2 and He-Ne respectively. The shape of these curves are similar in many respects to those observed for H 2 near its equilibrium geometry. Although the standard BLYP functional now gives a too negative integrand at all interaction strengths. The general similarity between the (He) 2 , He-Ne and To examine the important correlation energy contributions to the interaction energies of the van der Waals dimers we have calculated the interaction ACs as in Ref. [34] . These are defined as
where each of the atomic contributions are evaluated in the presence of the basis functions of the other atom, thereby accounting for the basis-set superposition error in the calculated difference. These integrands are presented for both systems in the lower two panels of Fig. 2 .
The trends in both figures are remarkably similar. The ab initio estimates of the interaction ACs show integrands which become smoothly more negative with increasing interaction strength. This is similar to the behaviour shown in Ref. [34] for the (He) 2 system at larger internuclear separations. The behaviour of the BLYP integrand is striking because it is significantly too negative in the low-ν regime before switching to positive values at larger ν values. This behaviour is also similar to that observed in Ref. [34] ; that the curves for both systems are so qualitatively similar reflects the fact that their shape is determined mainly by their behaviour under uniform coordinate scaling according to Eq. (51), rather than the density on which they are evaluated. Finally in this section we examine a number of small molecular systems close to their equilibrium geometries. The exchange energy contributions for these systems are shown in Table III to those discussed in Sections IV B and IV C. It is perhaps noteworthy that the initial part of the ACs up to λ 1 for these systems is reasonably well described by PT2 theory on the
The LiH molecule is more challenging for the DFT and double-hybrid models. The ab ini- Table II. tio estimate is typical of a dynamically correlated system close to its equilibrium geometry.
However, the BLYP functional gives a much too negative correlation integrand with a much too steep initial slope. This error is typical for many density functional approximations, which struggle to describe diatomic molecules composed of group 1 elements. These species typically have rather long equilibrium bond lengths compared to diatomic molecules composed of main group elements. In the first part of the model double-hybrid ACs it is clear that the λ 1 -interacting PT2 estimate is reasonable and is close to the ab initio estimate. In the intermediate region as more DFT contributions are included the correlation ACs for the λ 1 variants begin to slightly overestimate the correlation integrand. In the third section the double hybrid models inherit the large errors present in the density functional description of the correlation integrand for this species. The striking difference in behaviour between the correlation AC models for the LiH molecule and the other species considered here highlights the difficulty in developing a truly transferable double-hybrid approach suitable for a wide range of systems, even when close to their respective equilibrium geometries. However, for a large number of species close to their equilibrium structures double-hybrid approaches are expected to be accurate. In future we hope that the AC analysis presented here can be extended to a much larger set of molecules and used to effectively evaluate double hybrid approaches based on a variety of wave-function and density-functional components. This approach could be effective in identifying and avoiding models which rely on large error cancellations and provide more stringent tests of the models than just post construction benchmarking against experimental data.
V. CONCLUSIONS
In this work we have explicitly derived the AC integrands underlying double-hybrid approaches. The integrands have been calculated for the conventional B2-PLYP scheme and its so-called λ 1 variant which was obtained from second-order density-functional perturbation theory. These integrands were then compared graphically with benchmark ab initio estimates to assess their accuracy and a number of interesting features have been highlighted. The approximate one-and two-parameter double hybrid ACs were divided into three segments, the first up to λ 1 being dominated by wave function theory contributions at the PT2 level, the second between λ 1 and λ 2 involving both wave function and densityfunctional contributions and the final section beyond λ 2 involving purely density-functional contributions.
Within each section of the approximate ACs the impacts of the approximations utilized in their derivations have been highlighted. In the first section the use of PT2 theory based on fixed orbitals gives a linear approximation to the AC and its slope can be understood from the nature of the orbitals determined for the λ 1 interacting system. In the intermediate region the behaviour of recently developed two-parameter forms sharply contrasts that of empirical forms, the latter giving ACs with positive slopes. In the final section, which is determined by density-functional contributions, the neglect of uniform coordinate scaling effects has been highlighted and leads to a linear approximation of the correlation AC.
Inclusion of these effects can restore some curvature in the integrand, although the outright accuracy still depends heavily on the density-functional form employed.
The most striking feature of the approximate double hybrid correlation integrands is the presence of (derivative) discontinuities at the connecting λ 1 and λ 2 interaction strengths.
Whilst these discontinuities do not affect the calculation of correlation energies (only right continuity is required [51] ), they may have implications for the determination and uniqueness of the multiplicative potentials associated with keeping the density constant along the AC. In future the design of double-hybrid models which avoid these features in their AC integrands should be considered.
In the context of the van der Waals dimers the difficulties in constructing a doublehybrid approach based on the linear AC have been rationalized in terms of the interaction ACs. Here the failure of λ 1 -B2-PLYP and B2-PLYP approaches to account for longerranged interactions is evident and results in a significant underestimation of the correlation interaction energy. Recently, it has been shown that range-dependent generalized ACs can leverage physical insight about the range of interactions in this context to more effectively divide labour between the density-functional and wave function components [34] . We also note that the techniques employed in this work may be directly carried over to the analysis of range-separated double-hybrid methods by choosing an alternative non-linear AC integration path.
Finally, we remark that the integrands presented here highlight that for more successful double-hybrid approaches it is essential to seek both improved wave function and densityfunctional components. In Section IV B we highlighted the RPA based methods as one possible route to include terms of higher-order in the interaction strength. Clearly it is a challenging task to introduce such higher-order contributions without incurring significantly increased computational cost. An equally challenging task is the construction of density functional components more compatible with these orbital based methodologies. It remains to be investigated if forms based on correlation functionals other than LYP can be more effective in this sense. The techniques used here could also be extended to further segment the AC in order to rationalize the behaviour of double hybrids with three or more parameters (see, for example, Refs. [20] [21] [22] ). The ab initio estimates of the AC integrands may provide useful guidance in the development of these approaches and we expect that the type of analysis outlined here can play a central role in the future development of more robust double-hybrid approximations. 
which finally leads to the correlation integrand expression in Eq. (65).
